In this article, we formalize a torsion Z-module and a torsionfree Z-module. Especially, we prove formally that finitely generated torsion-free Z-modules are finite rank free. We also formalize properties related to rank of finite rank free Z-modules. The notion of Z-module is necessary for solving lattice problems, LLL (Lenstra, Lenstra, and Lovász) base reduction algorithm [20] , cryptographic systems with lattice [21] , and coding theory [11] .
Torsion Z-module and Torsion-free Z-module
Now we state the proposition:
(1) Let us consider a Z-module V , and a submodule W of V . Then Proof: If v is not torsion, then {v} is linearly independent by [9, (33) ], [13, (24) ]. If {v} is linearly independent, then v is not torsion by [14, (1) ], [13, (8) , (29) , (53)].
Let V be a Z-module. We say that V is torsion if and only if (Def. 2) every vector of V is torsion.
Let us note that 0 V is torsion and there exists a Z-module which is torsion. Now we state the propositions:
(13) Let us consider an element v of Z R , and an integer v 1 . Suppose v = v 1 . Let us consider a natural number n. Then (Nat-mult-left Z R )(n, v) = n·v 1 . Suppose v = v 1 . Then (the left integer multiplication of (Z R ))(x, v) = x·v 1 . The theorem is a consequence of (13) . Note that there exists a Z-module which is non torsion. Let V be a non torsion Z-module. Let us observe that there exists a vector of V which is non torsion.
Let V be a Z-module. We say that V is torsion-free if and only if (Def. 3) for every vector v of V such that v = 0 V holds v is not torsion. Now we state the proposition:
(15) V is cancelable on multiplication if and only if V is torsion-free. One can verify that every cancelable on multiplication Z-module is torsionfree and every torsion-free Z-module is cancelable on multiplication and every free Z-module is torsion-free and there exists a Z-module which is torsion-free and free. Now we state the proposition:
(16) Let us consider a torsion-free Z-module V , and a vector v of V . Then v is torsion if and only if v = 0 V . Let V be a torsion-free Z-module. Note that every submodule of V is torsionfree.
Let V be a Z-module. Observe that 0 V is trivial and every non trivial, torsion-free Z-module is non torsion and there exists a Z-module which is trivial.
Let V be a non trivial Z-module. Let us note that there exists a vector of V which is non zero. Now we state the proposition:
(17) v is not torsion if and only if Lin({v}) is free and v = 0 V . The theorem is a consequence of (12) and (9) . Let V be a non torsion Z-module and v be a non torsion vector of V . Let us note that Lin({v}) is free. Now we state the propositions:
(18) Let us consider a Z-module V , a subset A of V , and a vector v of V . If A is linearly independent and v ∈ A, then v is not torsion. The theorem is a consequence of (12). (19) Let us consider an object u. Suppose u ∈ Lin({v}). Then there exists an [13, (64) , (21) Proof: v is not torsion. Lin(I \ {v}) ∩ Lin({v}) = 0 V by [16, (24) ], [12, (94) ], [13, (64) , (23), (10) [12, (46) , (94)], (19) , [12, (37) , (36)]. (28) There exists a vector u of V such that (19) , [12, (37) , (92) Proof: Consider x being a vector of V such that x ∈ (W + Lin({u})) ∩ Lin({v}) and x = 0 V . Consider x 1 , x 2 being vectors of V such that x 1 ∈ W and x 2 ∈ Lin({u}) and [12, (37) ], (20) , [12, (94) , (1)]. Reconsider
, [12, (94) ], [13, (66) [29, (29) , (28), (15) [29, (28) , (15) Let V be a torsion-free Z-module, v be a vector of V , and W be a finite rank, free submodule of V . Let us note that W + Lin({v}) is free.
Let V be a Z-module and W be a finitely generated submodule of V . One can verify that W + Lin({v}) is finitely generated.
Let Let V be a torsion-free Z-module and U 1 , U 2 be finite rank, free submodules of V . Note that U 1 +U 2 is free and every finitely generated, torsion-free Z-module is free.
Rank of Finite Rank Free Z-module
Now we state the propositions: (32) Let us consider a torsion-free Z-module V , and finite rank, free submo- (5), (33) of V , and an element a of Z R . Suppose a = 0 Z R and
Let us consider a torsion-free Z-module V , finite rank, free submodules W 1 , W 2 of V , and a basis I of W 1 . Now we state the propositions:
. For every natural number n such that P[n] holds P[n + 1] by [12, (25) ], [14, (15) ], [13, (56) ], [14, (20) ]. For every natural number n,
(57) Let us consider a torsion-free Z-module V , finite rank, free submodules W 1 , W 2 of V , and a basis I of W 1 . Suppose rank(
The theorem is a consequence of (24), (32) , and (35).
(58) Let us consider a torsion-free Z-module V , finite rank, free submodules (59) Let us consider a torsion-free Z-module V , and finite rank, free submo-
The theorem is a consequence of (57) and (58).
(60) Let us consider a field G, a vector space V over G, and a subset A of V . If A is linearly independent, then A is a basis of Lin(A). 
], [16, (9) , (10) Let us consider a torsion-free Z-module V , a finite rank, free submodule W of V , and a vector v of V .
Let us assume that v = 0 V and W ∩ Lin({v}) = 0 V . Now we state the propositions: 
